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Abstract
We derive two new integral mass formulas for stationary black holes in Einstein-
Yang-Mills theory. From these we derive a formula for JΩ − QV , from which
it follows immediately that any stationary, nonrotating, uncharged black hole is
static and has vanishing electric field on the static slices. In the Einstein-Maxwell
case, we have, in addition, the “generalized Smarr mass formula”, for which we
provide a new, simple derivation. When combined with the other two formulas,
we obtain a simple proof that nonrotating Einstein-Maxwell black holes must be
static and have vanishing magnetic field on the static slices. Our mass formulas
also can be generalized to cases with other types of matter fields, and we describe
the nature of these generalizations.
In a recent paper by the authors [1], it was shown, among other things, that a
solution of the Einstein-Yang-Mills (EYM) equations describing a stationary black hole
with bifurcate Killing horizon and satisfying V Q = JΩ = 0 is necessarily static and
has vanishing electric field on the static slices. A stronger result was obtained in the
Einstein-Maxwell case: It was proven that a solution of the Einstein-Maxwell equations
describing a stationary black hole with bifurcate Killing horizon and satisfying JΩ = 0
is necessarily static and has vanishing magnetic field on the static slices. These staticity
theorems were obtained by deriving a generalized first law of black hole mechanics, using
it to infer extremal properties of stationary black hole solutions, and then showing that
these extremal properties could be violated unless the black hole is static. The theorems
do not require the stationary Killing field to be globally timelike in the exterior region,
i.e., “ergoregions” are permitted. Thus, in particular, the Einstein-Maxwell staticity
theorem closed a gap in the black hole uniqueness theorems which had been open for
nearly two decades (see [2]).
The purpose of this paper is to derive some new “mass formulas” relating the asymp-
totically defined attributes of a stationary black hole in EYM theory and to use them
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to give a simple proof of the above staticity theorems. For definiteness, we will restrict
our considerations to SU(2)-EYM theory, although all of our equations and results also
apply straightforwardly to Einstein-Maxwell theory. More generally, mass formulas anal-
ogous to the ones we derive will exist for many other theories, and we will explain the
conditions under which such generalizations can be obtained.
We first briefly review the “3 + 1” formulation of the EYM equations given in [1].
Initial data in EYM theory consists of the specification of the fields (hab, π
ab, A Λa , E
a
Λ)
on a three-dimensional manifold, Σ. Here hab is a Riemannian metric on Σ, A
Λ
a is
the gauge field component tangent to Σ, πab is the canonically conjugate momentum
to hab, and E
a
Λ is the electric field (viewed as a density of weight 1/2), which is (up
to the numerical factor of 1/4) the momentum canonically conjugate to A Λa . Here and
throughout this paper, lower case greek indices are used to denote spacetime tensors,
and latin indices are used to denote tensors in the hypersurface Σ. The projection of a
spacetime tensor into Σ is denoted by replacing the greek indices by latin indices, e.g.,
the projection of the spacetime vector tµ into Σ is denoted as ta. Capital greek indices
are used for the Lie algebra of the Yang-Mills field.
Constraints are present in Einstein-Yang-Mills theory. On a hypersurface, Σ, on
which π aa = 0, the allowed initial data is restricted to those that at each point x ∈ Σ
satisfy
0 =
√
hDa(EaΛ/
√
h) =
√
hDa(E
a
Λ/
√
h) + c ∆ΛΓ A
Γ
a E
a
∆ (1)
0 = −R + (1/h)πabπab + (2/h)E Λa EaΛ + F Λab F abΛ (2)
0 =
√
hDb(π
b
a /
√
h)− 2F Λab EbΛ (3)
where Da is the derivative operator on Σ compatible with the metric, hab , Da denotes
the (metric compatible) gauge covariant derivative operator, and R denotes the scalar
curvature of hab.
We shall be concerned in this paper with spacetimes representing a stationary black
hole with a bifurcate Killing horizon. As discussed in [3], this should encompass all sta-
tionary black hole solutions in EYM theory except for the “degenerate” solutions which
have vanishing surface gravity. Recall that a stationary black hole with bifurcate Killing
horizon automatically possesses a Killing field, tµ, which approaches a time translation
in the asymptotic region and a Killing field, χµ, which vanishes on the bifurcation sur-
face S. If χµ fails to coincide with tµ, then the spacetime also posesses an axial Killing
field φµ such that
χµ = tµ + Ωφµ (4)
where the constant Ω is known as the angular velocity of the horizon. It has recently
been proven [4] that any stationary black hole with bifurcate Killing horizon admits an
asymptotically flat maximal (π aa = 0) hypersurface which is asymptotically orthogonal
to tµ and whose boundary is the bifurcation surface, S, of the horizon. We choose Σ to
be such a hypersurface.
Now, consider the evolution equations for the initial data which is induced on Σ.
Choose the lapse and shift functions, Nµ = (N,Na), to coincide with a Killing field
in the spacetime. Then, the EYM evolution equations yield the following relations,
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obtained by setting π aa = 0 in the equations given in [1]:
0 = π˙ab = −(
√
hNaab +
√
h[habDcDc(N)−DaDb(N)]− £N iπab) (5)
n
0 = h˙ab =
N√
h
2πab + £N ihab (6)
0 = E˙aΛ = −(
√
hDb(NF abΛ) +Nc ∆ΛΓ A Γ0 Ea∆ − £N iEaΛ) (7)
0 = A˙ Λa = (NE
Λ
a /
√
h+Da(NA Λ0 ) + £N iA Λa ) (8)
with
aab ≡ (2/h)(EaΛEbΛ − (1/2)habE Λc EcΛ) + 2(F acΛF bΛc + (1/4)habF cdΛF Λcd )
+(Rab − (1/2)habR) + (1/h)(2πacπbc − (1/2)habπcdπcd)
(9)
where
£N ihab = 2D(aNb) (10)
£N iA
Λ
a = N
bDbA
Λ
a + A
Λ
b DaN
b (11)
and
£N iπ
ab =
√
hN cDc(π
ab/
√
h)− 2πc(aDcN b) + πabDcN c (12)
£N iE
a
Λ =
√
hN cDc(E
a
Λ/
√
h)−EcΛDcNa + EaΛDcN c (13)
We begin by deriving a simple equation satisfied by the lapse function N = −kµnµ
associated with any Killing field kµ, where nµ denotes the unit normal to the maximal
hypersurface Σ. Contracting (5) with hab, we find
DcD
c(N) = −(1/2)Nabb −Da(Nb)πab/
√
h (14)
From eqs.(6) and (10) we find
Da(Nb)π
ab = −Nπabπab/
√
h (15)
Substituting in (14) and using the constraint (2) in the expression for abb we obtain
DcD
c(N) = ρN (16)
where
ρ = (1/h)πabπ
ab + (1/h)E Λa E
a
Λ + (1/2)F
Λ
ab F
ab
Λ (17)
so that ρ is non-negative. Note that the derivation of eq.(16) used only the “Einstein
portion” of the EYM equations, and, thus, it is easily generalized to any other Einstein-
matter system (even if the full system is not derivable from a Hamiltonian). Indeed,
a generalization of our derivation shows that in any spacetime foliated by maximal
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hypersurfaces, the lapse function, N , of this foliation satisfies eq.(16) with ρ replaced
by,
ρ = (1/h)πabπ
ab + Rµνn
µnν (18)
(This result also could be derived from the Raychaudhuri equation for non-geodesic
timelike congruences; see eq.(4.26) of [2].) Thus, in particular, for a stationary black
hole with bifurcate horizon in any Einstein-matter system, eq.(16) holds with ρ given
by (18). Note that ρ will be non-negative provided only that the matter satisfies the
strong energy condition. When ρ is non-negative, the maximum principle can be usefully
applied to eq.(16), and solutions to eq.(16) are uniquely determined by their boundary
value at S and their asymptotic value at infinity.
As our first application of eq.(16), we choose Nµ = φµ, where φµ is the axial Killing
field, so N = −nµφµ. The boundary conditions ( N|S = 0 and N|∞ = 0) yield the unique
solution N = 0 on Σ. Thus, we find that φµ is tangent to Σ. This result also could
be proven by a generalization of known uniqueness results on maximal foliations (see
theorem 5.5 of [5]), since if φµ failed to be everywhere tangent to Σ, we could obtain a
new maximal hypersurface asymptotic to Σ by applying a rotation to Σ.
Next we apply eq.(16) to the stationary Killing field tµ We write λ for the lapse
function, N , in this case i.e., we define,
λ = −nµtµ (19)
Since λ satisfies the boundary conditions λ|S = 0 and λ|∞ = 1 the maximum principle
implies that λ is strictly positive on Σ outside of S. (Also λ < 1 throughout Σ.)
Integrating eq.(16) over Σ, we obtain,
∫
∞
dSaDaλ−
∫
S
dSaDaλ =
∫
Σ
λρ (20)
where, here and below, all volume integrals over Σ are taken with respect to the natural
volume element determined by hab, and our convention on the unit normal to S is that
it point “radially outward”, i.e., into Σ. The surface integral at infinity is simply 4πM .
The surface integral at S is just κA, where κ denotes the surface gravity of χµ on S and
A is the area of S. Therefore, we obtain,
4πM − κA =
∫
Σ
λρ (21)
Equation (21) is our first “mass formula” for black holes. It should be emphasized that
this formula applies to an arbitrary stationary black hole with a bifurcate Killing horizon,
with ρ given by eq.(18), which takes the explicit form (17) in the EYM case. Both ρ
and λ are non-negative whenever Einstein’s equation holds with matter satisfying the
strong energy condition. Hence, it follows immediately that for all such black holes we
have,
4πM ≥ κA (22)
This inequality was recently derived by Visser [6] (using eq.(23 below) for the case of non-
rotating black holes. Our derivation shows that eq.(22) remains be valid for all stationary
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black holes, provided only that the matter present in the exterior region satisfies the
strong energy condition. In particular, if there exist any “colored excitations” of the
Kerr-Newman black holes (as we conjectured in [1]), they must satisfy eq.(22).
To derive our second mass formula, we start with the well known integral mass
formula of Bardeen, Carter, and Hawking [7]:
M − κA/4π − 2ΩJH = 2
∫
Σ
(Tµν − (1/2)Tgµν)tµnν (23)
where Tµν is the energy momentum tensor of matter, and JH is the “angular momentum
of the black hole”, defined by,
JH = (1/16π)
∫
S
ǫµνσρ∇σφρ (24)
Equation (23) is obtained by starting with the Komar formula for the mass of a stationary
spacetime and converting this surface integral at infinity to a volume integral over a
hypersurface Σ passing through S (see, e.g., [8]). It holds for any stationary black hole
with bifurcate Killing horizon satisfying Einstein’s equation with arbitrary matter. Note
that it is not necessary for the validity of eq.(23) that Σ be a maximal hypersurface.
We restrict attention, now, to the case where the matter is a Yang-Mills field. Then
we can write eq.(23) more explicitly as
M −κA/4π− 2ΩJH = (1/4π)
∫
Σ
λ[(1/h)E Λa E
a
Λ+(1/2)F
Λ
ab F
ab
Λ] + 2t
aEbΛF
Λ
ab /
√
h (25)
A more useful form of eq.(25) can be obtained by relating JH to the canonical angular
momentum in EYM theory, defined by [1]
J∞ = −(1/16π)
∮
∞
(2φbπ
ab + 4φbA Λb E
a
Λ)/
√
hdSa (26)
Converting this surface integral to a volume integral over Σ and using the constraint
equations as in the derivation of eq.(53) of [1], we find,
J∞ = −(1/16π)
∫
Σ
(πab£φihab + 4E
a
Λ£φiA
Λ
a )/
√
h + JH (27)
where JH is defined by,
JH = −(1/16π)
∮
S
(2φbπ
ab + 4φbA Λb E
a
Λ)/
√
hdSa (28)
The integral over Σ in eq.(27) vanishes because the axial Killing field φµ is equal to its
tangential projection φi. Thus, we obtain,
J∞ = JH (29)
Furthermore, using the fact that
∇µφν = Dµφν − 2φρn[µKν]ρ (30)
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where Kνρ is the extrinsic curvature of Σ, we see that the first term in the formula (28)
for JH is just JH . The second term in eq.(28) can be computed by noting that on S, ta
and φa coincide (up to the constant Ω) as a result of eq.(4) and the fact that χb vanishes
on S. Therefore we can write,
4πΩ(JH − J∞) = −
∫
S
dSat
bA Λb E
a
Λ/
√
h (31)
We now convert this surface integral into a volume integral over Σ, using the the con-
straint eq.(1). When we do so, we get no contribution from the boundary at infinity on
account of the asymptotic fall-off behavior of A Λb and E
a
Λ. We obtain,
4πΩ(JH − J∞) =
∫
Σ
(tbEaΛF
Λ
ab /
√
h+ £ti(A
Λ
a )E
a
Λ/
√
h) (32)
We now use eq.(8) to substitute for £ti(A
Λ
a ) and again use the constraint eq.(1). We
obtain,
4πΩ(JH − J∞) = −
∫
Σ
(taEbΛF
Λ
ab /
√
h + λEaΛE
Λ
a /h)−
∫
∞
dSaλE
a
ΛA
Λ
0 /
√
h (33)
where we used the fact that there is no surface integral contribution from S in this
equation since λ = 0 on S. As shown in [1], for SU(2)-Yang-Mills theory (or Maxwell
theory) the surface integral at infinity in this equation yields simply 4πV Q, where V
is the asymptotic magnitude of A Λ0 and Q is the Yang-Mills electric charge at infinity.
Therefore, we obtain,
4π(V Q− Ω(J∞ − JH)) = −
∫
Σ
(taEbΛF
Λ
ab /
√
h+ λEaΛE
Λ
a /h) (34)
Our desired second mass formula is obtained by using this equation to eliminate JH from
eq.(25). We obtain,
4πM − κA+ 8π(V Q− ΩJ∞) =
∫
Σ
λ((1/2)F Λab F
ab
Λ − (1/h)E Λa EaΛ) (35)
Note that eq.(35) holds for an arbitrary hypersurface Σ which is asymptotically orthog-
onal to tµ and has S as its inner boundary, i.e., in this formula it is not necessary that
Σ be a maximal hypersurface.
As previously mentioned, our starting point, eq.(23), in the derivation of eq.(35) holds
for an arbitrary Einstein-matter system. Furthermore, the notion of J∞ is well defined
for any Einstein-matter system derivable from a Hamiltonian. However, considerable
use was made of the explicit form of the Yang-Mills field equations in deriving eq.(34).
Thus, it is not clear eq.(35) would have a close analog for other Einstein-matter systems
derivable from a Hamiltonian.
We now subtract eq.(35) from eq.(21), using eq.(17). We obtain,
8π(ΩJ∞ − V Q) =
∫
Σ
λ(πabπ
ab + 2EaΛE
Λ
a )/h (36)
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By inspection of eqs.(36), (21), and (17), we see that any stationary black hole with
bifurcate Killing horizon in EYM theory satisfies,
M − κA/4π ≥ ΩJ∞ − V Q ≥ 0 (37)
Furthermore, we obtain directly from eq.(36) the following theorem, which corresponds
to theorem 3.4 of [1]:
Theorem 1: A solution of the EYM equations describing a stationary black hole
with a bifurcate Killing horizon that has ΩJ∞ − V Q = 0 is static and has vanishing
electric field on the static slices.
Proof: Since the strong energy condition is satisfied by the Yang-Mills field, theorem
4.2 of [4] establishes that the exterior region of the black hole can be foliated by maxi-
mal hypersurfaces with boundary S which are asymptotically orthogonal to the timelike
Killing field tµ. Applying eq.(36) to these hypersurfaces, we obtain πab = 0 and EaΛ = 0.
It then follows directly that λnµ is a Killing field (see [1]), and, indeed, that tµ = λnµ.
In our discussion thus far, we have not made use of the first law of black hole
mechanics for EYM black holes (see theorem 2.2 of [1]), which states that the changes
in M , Q, J∞, and A induced by an arbitrary asymptotically flat perturbation satisfying
the linearized EYM equations are related by,
δM + V δQ− ΩδJ∞ = (1/8π)κδA (38)
As emphasized in [9], a formula of this type will exist in any Einstein-matter theory
having a Hamiltonian formulation. For EYM theory, it does not appear possible to
derive an integral mass formula directly from eq.(38). However, in Einstein-Maxwell
theory, an integral formula can be derived from the first law using the additional fact
that the theory is invariant under the scaling transformation gµν → α2gµν , Aµ → αAµ,
where α is a constant. Under this transformation, a solution of the Einstein-Maxwell
equations is taken into a new solution, with M → αM , V → V , Q → αQ, Ω → α−1Ω,
J∞ → α2J∞, κ → α−1κ, and A → α2A. Substituting the linearized perturbation
associated with this scale transformation into eq.(38) we obtain the mass formula,
M + V Q− 2ΩJ∞ = (1/4π)κA (39)
which is valid in the Einstein-Maxwell case. Equation (39) is equivalent to the “gener-
alized Smarr formula” derived by Carter (see eq.(6.323) of [10] and note that Carter’s
ΦH corresponds to −V ). This mass formula is characterized by the fact that it involves
only “surface terms”. As our derivation makes clear, a similar formula can be obtained
for any scale invariant Einstein-matter system which has a Hamiltonian formulation.
By combining eqs.(35), (21), and (39), we can solve for ΩJ∞ and V Q separately in
Einstein-Maxwell theory. We obtain,
ΩJ∞ = (1/8π)
∫
Σ
λ(πabπ
ab/h+ F abFab) (40)
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and
V Q = −(1/4π)
∫
Σ
λ(EaEa/h− (1/2)F abFab) (41)
The latter equation also can be derived using only Maxwell’s equations.
By inspection of eq.(40), we see that any stationary black hole with bifurcate Killing
horizon in Einstein-Maxwell theory satisfies,
ΩJ∞ ≥ 0 (42)
By the same proof as in theorem 1 above, we obtain the following theorem (previously
proven in the discussion following theorem 3.4 of [1]):
Theorem 2: A solution of the Einstein-Maxwell equation describing a stationary
black hole with a bifurcate Killing horizon that has ΩJ∞ = 0 is static and has vanishing
magnetic field on the static slices.
Thus, our mass formulas have enabled us to give an elementary proof of the staticity
theorems of [1].
This research was supported in part by NSF grant PHY-9220644 to the University
of Chicago.
References
[1] D. Sudarsky and R.M. Wald, Phys. Rev. D 46, 1453 (1992).
[2] S. W. Hawking and G. F. R. Ellis “The Large Scale Structure of Space-Time” (Cam-
bridge: Cambridge University Press) 1973.
[3] I. Racz and R.M. Wald, Class and Quant. Grav. 9, 2643 (1992).
[4] P. T. Chrus´ciel and R.M. Wald (submitted to Commun. Math. Phys.)
[5] R. Bartnik, P.T. Chrus´ciel, N. O’Murchadha, Commun. Math. Phys. 130, 95 (1990).
[6] M. Visser, Phys. Rev. D 46, 2445 (1992).
[7] J.M. Bardeen, B. Carter, S.W. Hawking, Commun. Math. Phys. 31, 161 (1973).
[8] R. M. Wald “General Relativity” (Chicago: The University of Chicago Press) 1984.
[9] R.M. Wald (to appear in Festschrift in honor of C. Misner).
[10] B. Carter, in General Relativity, an Einstein Centenary Survey ed. by S.W. Hawk-
ing and W. Israel (Cambridge University Press: Cambridge, 1979).
8
